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ABSTRACT 

We study hyperbolic systems of conservation laws augumented with an 

entropy inequality. We show that such systems can be written in a 

(quasilinear) skew-selfadjoint form. Centered differencing of such a form 

under the smooth regime, ends up with a systematic recipe for constructing 

quasiconservative schemes where the global entropy conservation is 

recovered. Employing the above formulation in bounded regions under the 

nonsmooth regime as well, we further conclude a local entropy decay 

estimate. Examples of the shallow-water and the full gasdynamics equations 

are explicitly treated. 
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1 .  In t roduct ion  

We consider  the  hyperbol ic  system of conservat ion laws 

(1. l a )  - a u + c d a  - a t  axk - = 0 ,  ( X , t ) & g d X [ o , w )  ; 

k = l  
T 

h e r e  the N-dimensional v e c t o r  of unknowns u E u(%, t )=(u , ,  ..., u,) 

found subjec t  t o  t h e  i n i t i a l  s t a t e  

i s  t o  be - -  

u(G,t=O) = u (XI, 9 - -0 

and f - (k) 5 f_‘k’(u_)=(f (;I,. . . ,fF’ )T are smooth nonl inear  (flux) mappings from 

g c g ,  t o  8,- 
Independently of the  i n i t i a l  smoothness of u,~(;), s o l u t i o n s  of (1.1 ) 

may develop s i n g u l a r i t i e s  a t  a f i n i t e  t i m e  a f te r  which one must admit weak 

s o l u t i o n s ,  i . e . ,  those der ived d i r e c t l y  from the  o r i g i n a l  i n t e g r a l  conserva t ion  

- 

r e l a t i o n s ,  see [ 91. Admitting weak s o l u t i o n s  however, s a c r i f i c e s  uniqueness 

which we are then t r y i n g  t o  recover  by appeal ing t o  a unique p h y s i c a l l y  

r e l e v a n t  s o l u t i o n ;  t h e  l a t e r  being i d e n t i f i e d  as, roughly speaking,  a s t a b l e  

limit of a vanishing d i s s i p a t i v i t y  mechanism. 

To t h i s  end we i n t r o d u c e  a genera l ized  

Entopy func t ion  - a smooth convex mapping U(u) from gCt%?’ t o  t% augumented 

with entropy f l u x e s  F(k) ( u ) : g + t %  such t h a t  ... 

(1.2a) 

T 
Mult iplying ( 1  . l a )  by Uu and employing (1.2a) one f i n d s  t h a t  unde r  t h e  smooth 

regime w e  have, on top  of (1  . l a ) ,  t h e  a d d i t i o n a l  conserva t ion  of entropy 
* 

a d a  
a t  - U + - [ F ( k ) ]  = 0 . 

axk k=l 

Taking i n t o  account the  nonsmooth regime as well ,  fo l lowing  Lax [ lo]  we 



p o s t u l a t e  as  an a d m i s s i b i l i t y  c r i t e r i o n  the 

Entropy i n e q u a l i t y  - we have, i n  the sense of d i s t r i b u t i o n s ,  

(1.2b) 

Having a (weakly) nonposi t ive q u a n t i t y  on t h e  L.H.S. of (1.2b) e x a c t l y  recovers  

t h e  e x i s t e n c e  of vanishing d i s s i p a t i v i t y  i n  our  system, and i t  i n  f a c t  measures 

t h e  rate i n  which entropy d i s s i p a t e s  across shock d i s t o n t i n u i t i e s .  Though t h e  

entropy i n e q u a l i t y  i s  not  a powerful enough c r i t e r i o n  t o  rule out a l l  t h e  

( inadmiss ib le )  u n s t a b l e  weak s o l u t i o n s ,  i t  is  equiva len t  i n  t h e  small  t o  Lax 's  

shock condi t ions  and as such i s  necessary f o r  s t a b i l i t y .  For a de ta i led  

account of t h e  r o l e  of entropy a d m i s s i b i l i t y  c r i t e r i a  wi th  r e s p e c t  t o  s t a b i l i t y  

of weak s o l u t i o n s  we refer t o  DiPerna [l] and t h e  re ferences  there in .  

The e x i s t e n c e  of an entropy funct ion t u r n s  out  t o  have also a d e c i s i v e  

r o l e  i n  s tudying  s t a b i l i t y  under the smooth regime; indeed,  upon mul t ip ly ing  

( 1 . 1  a )  on t h e  l e f t  by t h e  Hessian Uuu>O, one ends up with a ( q u a s i l i n e a r )  

symmetric hyperbol ic  system f o r  which t h e  c l a s s i c a l  ( l o c a l )  well-posedness 

theory  p r e v a i l ,  see F r i e d r i c h s  and Lax [2]. 

".v 

As was pointed out  by Mock (c f . [5] ) ,  t h e  e x i s t e n c e  of an entropy 

f u n c t i o n  f u r t h e r  impl ies  t h a t  system (1 . la )  can be symmetrized with r e s p e c t  t o  

a new v a r i a b l e  v ,  v = Uu , i .e. ,  (1 .1 a )  can be rewr i t ten  as 
" "  - 

(1.3a) 

with symmetric 

(1.3b) 
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Godunov has prev ious ly  proved t h a t  t h e  converse i s  a l s o  t r u e  and hence t h e  

symmetrizable systems a r e  e x a c t l y  those equipped with a convex ex tens ion  -- an 

entropy.  Noting t h a t  ( s e e  (1.2a))  

t h e  above mentioned Friedrichs-Lax (mat r ix)  symmetrization upon mul t ip ly ing  by 

Uuu-Ag 

symmetrization i n  (1.3a) i s  more fundamental however, as i t  preserves  s t r o n g  E 

--1 --1 
follows -- indeed A .  4, a r e  symmetric; t h e  former ( v a r i a b l e )  -- 

w e l l  a s  weak s o l u t i o n s  of t h e  o r i g i n a l  system ( 1  . l a ) .  

Our s t a r t i n g  poin t  i s  c l o s e l y  r e l a t e d  t o  t h e  symmetrization i n  (1.3a) 

i n  the  sense t h a t  we too a r e  cons ider ing  t h e  symmetrizing v a r i a b l e s  v, = U, as 

t h e  primary dependent unknowns r a t h e r  than the s tandard conserved q u a n t i t y  u. - 
Motivated by t h e  gasdynamics equat ions we show i n  Sec t ion  2 t h a t  under t h e  

- 

f u r t h e r  assumption of the entropy U(u_)  and the f l u x e s  f(k)(u_) - being 

homogeneous, one can i n  p a r t i c u l a r  r e w r i t e  system ( l . 3 a )  i n  a ( q u a s i l i n e a r  

v-dependent) skew-selfad j o i n t  from -- s e e  (2.5) below; as explained l a t e r ,  the 
homogeneity r e s t r i c t i o n  can be e s s e n t i a l l y  removed. Such a skew-selfadjoint  

form seems t o  be of independent a p p l i c a b l e  i n t e r e s t  under both t h e  smooth as 

w e l l  as the nonsmooth regimes. 

A s  an example f o r  the  former we show, i n  Sec t ion  3, t h a t  t h e  a d d i t i o n a l  

entropy conservat ion 

( 1 . 4 )  

can be d i r e c t l y  recovered from the  skew-selfadjoint  conserva t ive  equat ions  

us ing  nothing e l s e  but  i n t e g r a t i o n  by p a r t s .  The above d e r i v a t i o n  l e n d s  i t s e l f  

t o  d i s c r e t e  approximations based on centered  d i f f e r e n c i n g  of the  

skew-selfadjoint  form of the  equat ions ,  e.g., f i n i t e  d i f f e r e n c e s ,  

pseudospectral  d i f f e r e n c i n g  [7], [ 3 ,  Chapter 141. Thus t h e  above d e s c r i p t i o n  

provides  us with a sys temat ic  procedure of d i s c r e t i z i n g  t h e  n o n l i n e a r  equat ions  
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whi le  maintaining t h e i r  quasiconservat ive p r o p e r t i e s .  I n  o t h e r  words, t h e  

quas iconserva t ive  schemes obtained by such a r e c i p e  enjoy t h e  a d d i t i o n a l  

conservat ion property induced by the corresponding d i f f e r e n t i a l  one , namely 

t h a t  of the g l o b a l  entropy,  see (1.4).  Skew-symmetric d i f f e r e n c i n g  such as t h e  

above sugges ts  i t s e l f ,  f o r  example , as a remedy t o  nonl inear  i n s t a b i l i t i e s  (cf .  

long-term weather p r e d i c t i o n  i n t e g r a t i o n  i n  [4] and the  re ferences  t h e r e i n ) ,  o r  

i n  connection with the  a l i a s i n g - f r e e  pseudospectral  skew-differencing proposed 

by Kreiss and Ol iger  [7] t o  s t a b i l i z e  d i s c r e t i z a t i o n s  of t h e  l i n e a r  problem. 

The f a c t  t h a t  i t  i s  the  entropy r a t h e r  than an L2-equivalent q u a n t i t y  which is 

conserved i n  the r e c i p e  above i s  exac t ly  t h e  reason al lowing us t o  t r e a t  t h e  

n o n l i n e a r  problem as  wel l ;  we c l a r i f y  t h i s  po in t  as wel l  as o t h e r  a s p e c t s  of 

d i s c r e t i z i n g  the  pure ini t . ia1-value problem i n  Sec t ion  3. 

I n  Sec t ion  4 we extend our  discussion t o  t h e  nonsmooth regime, t r e a t i n g  

t h e  entropy decay i n  bounded regions.  For the  l a t t e r  t o  occur we must r e q u i r e  

an entropy o u t f l u x  a t  the  boundaries;  employing t h e  above mentioned 

skew-selfadjoint  form, we a r e  a b l e  t o  express such a requirement as a maximal 

d i s s i p a t i v i t y - l i k e  condi t ion  which leads t o  our  main r e s u l t ,  see theorem 4.1 

below, 

(1.5) - -/- U(*,t=O)dG , 
IHILM I;;I<M+st - 

thus sharpening t h e  g l o b a l  e s t i m a t e  we had i n  (1.4) t o  be of a l o c a l  type.  The 

above e s t i m a t e  i s  indeed sharp  -- i n  the case of first o r d e r  homogeneous f l u x e s  

Y f(k) ( u )  - for example (which i n c l u d e s  the  hydrodynamic e q u a t i o n s ) ,  t h e  magnitude 

of t h e  speed propagat ion,  I s 1, i s  found t o  co ins ide  with t h e  one induced by t h e  

d 

k-i 
‘ n o n l i n e a r  symbol‘ 

or negat ive  depending on whether the  order of U-homogeneity i s  bigger or 

+ Ak. The speed o r i e n t a t i o n  s g n ( s )  i s  e i t h e r  p o s i t i v e  

smaller than 1 -- see  Sec t ion  4 below f o r  a f u l l e r  account on t h e  d i s t i n c t i o n  

between t h e s e  two subcases.  
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Tne homogeneity assumption we made i s  not met in many cases  of phys i ca l  

i n t e r e s t ,  the shallow-water and magnetohydrodynamic equat ions  a r e  j u s t  two 

examples. I n  Sec t ion  5 we show how a skew-selfadjoint  form s t i l l  can be 

de r ived ,  extending our procedure above t o  nonhomogeneous framework such as,  f o r  

example, the one of the shallow-water equat ions .  

We c lose  by remarking t h a t  the skew-se l fad jo in t  form obtained i n  the  

v -va r i ab le s ,  can be a l s o  viewed as i f  the  system i n  the  o r i g i n a l  u -va r i ab le s  - 
being skew-selfadjoint  with r e spec t  t o  a p p r o p r i a t e l y  chosen i n n e r  product -- 
see (3.5b) below. This po in t  of view sugges ts  i t s e l f  f o r  var ious  a p p l i c a t i o n s ;  

d e t a i l s  w i l l  be given elsewhere.  

- 
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2. A Skew-Selfadjoint Form - -- 

Motivated by t h e  gasdynamics equations we s t a r t  with 

Homogeneity assumption - t h e  entropy function U(u) and the f l u x e s  _ f ( k ) ( u _ )  a r e  

homogeneous of order  rl and rlk , respec t ive ly .  0 
Indeed, f o r  the ( p o l y t r o p i c )  gasdynamics equat ions w e  l e t  u = (P,_m,E) T - 

T 
s tand  f o r  the  unknown v e c t o r  of dens i ty  p, momentum m=(ml,m2,m3) 

with the corresponding f l u x e s  ( h e r e  [e'k'] =6 

and energy E ... 

) - j kj 

(2. l a )  

t h e  p r e s s u r e  p i s  given by p = (y-I)[E-lml 2 /2p]. Using of t h e  fol lowing 
5 

a-parameter  family of genera l ized  en t ropies  i5 ]  ( h e r e  the  a d i a b a t i c  exponent 

Y > O ,  

the  homogeneity assumption is f u l f i l l e d  with 

( 2 . l c )  

0 -' The entropy homogeneity implies  t h a t  U ( u )  i s  homogeneous of order  u -  

in i t s  argument and hence u E u(v) is homogeneous of o r d e r  - i n  t h e  dependent 
* - -  no-l 

(symmetrizing) v a r i a b l e  v = d 1 ) .  This i n  t u r n  induces t h e  homogeneity 
5 U - 

, respec t ive ly .  We now of f 'k ' (v)  E f ( k ) ( u ( v ) )  of order-  'lk 
- - 5 5 -  V o - 1  

(')By t h e  convexity of U(LI), t h e  r e l a t i o n  u_ru,(x=Uu) is well-defined. Also,  ?lo 
is n e c e s s a r i l y  d i f f e r e n t  from 1 - see ( 2 . 3 ) .  - 
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.., 
r e c a l l  t he  A ’ s  no ta t ions  i n  ( l . 3 b )  and use E u l e r ’ s  i d e n t i t y  t o  f i n d  

where a l l  q u a n t i t i t i e s  depend on the dummy argument v. 

once more - t h i s  time as a second A-d i f f e ren ta t ion  of the  (assummed 

We use E u l e r ’ s  i d e n t i t y  - 

homogeneous) entropy U(Au) - = A”OU(u) a t  A =  1 ,  which g ives  

* 
u u u = T l  (rl -1) U(u) . - uu- 0 0 ( 2 . 3 )  -.. 

-5 

F o r  the  assummed U-convexity t o  hold t h e r e f o r e ,  U must be one-signed - e i t h e r  

nega t ive  o r  p o s i t i v e  with 0 < n- < 1 o r  qo > 1 ,  r e s p e c t i v e l y ;  i n  e i t h e r  U 

case  rl # 0. F i n a l l y  with the  h e l p  of (2 .2)  we r e w r i t e  the temporal and 

s p a t i a l  de r iva t ives  appearing i n  (1.3a) i n  the  form 

0 

t - I  0- 
a U=-. n0-I 1 + a ( A  V >  , +--. at(u) = - ( 2 . 4 a )  - a t  no -t  no 

Thus we have shown 

THEOREM 2.1.  System ( 1  . I  a )  can be r e w r i t t e n  i n  the  form 

Here t h e  ( q u a s i l i n e a r )  skew-se l fad jo in t  ope ra to r  2~ g(v) i s  given by - 
d 

(2.5b) 
- a  a -  a a -  

g E B  - + - ( B o * )  + x Bk % + 5 (Bk’) , 
k = l  o a t  a t  

i n  terms of the  symmetric mat r ix  c o e f f i c i e n t s  

- - 
Eo BO(y) = Ao(y)  > 0 

( 2 . 5 ~ )  

no + ‘lk’ 1 # 0 . 
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The formulat ion (2 .5 )  is i n  genera l  not  conservat ive unless complemented w i t h  t h e  

homogeneity property.  

- 

I n  the  case of f i r s t  o rder  homogeneous f l u x e s ,  r l k = l ,  one can simply 

i d e n t i f y  the  5 ‘ s  with the “As .  

f o r  which an e x p l i c i t  r e p r e s e n t a t i o n  of the A’s can be found i n  [5,  Sec t ion  21. 

A s  can be e a s i l y  v e r i f i e d  we note  t h a t  the only choice f o r  an homogeneous 

genera l ized  entropy d e n s i t y  given as  a func t ion  o f  the  thermodynamic one, 

S = c ln(pp-Y) ,  i s  minus t h e  exponent ia l  f u n c t i o n  which indeed l e a d s  t o  ( 2 . l b )  

- s e e  [5 ,  Sec t ion  21. 

This i s  the above mentioned hydrodynamic case 

V 
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3. Entropy Conservation i n  the  Cauchy Problem - -- 

We consider  the  q u a s i l i n e a r  system (2 .5 )  

P(v)v + Q(v)v = 0 - -  - -  
(3.1) 

with s u f f i c i e n t l y  smooth i n i t i a l  d a t a  u,(x) ( a t  H d’2+1+E, E>O, a t  i e a s t )  i n  a 

t ime i n t e r v a l  [O ,TI where a unique smooth s o l u t i o n  i s  a p r i o r i  known t o  e x i s t .  

- 

Multiplying (3.1 ) on the l e f t  by y* we g e t  

d a 
(V*B v) = 0 . a *- 

a t  - 0- C - k- - (v B v) + 
k=l 

To r e v e a l  the n a t u r e  of the  conservat ion l a w  j u s t  ob ta ined ,  w e  r e c a l l  t h e  u-v - -  
1 r e l a t i o n  i n  (2 .2) ,  - 0  u = v,  and t h e  ?3 n o t a t i o n  i n  (2 .5c) ,  ?3 = * y)-l - 0- 0 0 0’ - 

i n s e r t i n g  these we f i n d  the  f i r s t  d i f f e r e n t i a t e d  term i n  (3.2)  i s  given by 

*- *--I - -1 
v B v =  * u A  i o A o  u - ; 
- 0- (Tlo-l)2 - O 

(3.3a) 

by d e f i n i t i o n  ( s e e  ( 1 . 3 b ) ) ,  i-’=:: U 

tempora l -d i f fe ren t ia ted  term i n  (3.2) i s  given by 

OV 
, and hence by (2 .3) ,  t h e  

uu -- o aU -.. 

(3.3b) u .  * u e- 
*- l y Boy = 

(n0-1) 

S i m i l a r i l y ,  the s p a t i a l l y - d i f f e r e n t i a t e d  terms v*$ v a r e  found t o  be 

p r o p o r t i o n a l  t o  the entropy f l u x  components 
- k- 

(3.3c) , k = l , 2  , . . .  d .  *- ‘0 F(k) v B v = -  - k- no-l 
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Thus i n  (3.2) we r e s t o r e d  the  conservation of the  entropy we have s t a r t e d  wi th ,  

using no th ing  e l s e  but  i n t e g r a t i o n  by p a r t s  

( 3 . 4 )  

Had the  equat ions (3.1) first been l i n e a r i z e d  and only  then i n t e g r a t e d  

by p a r t s  w e  would end up with 

(3.5a) 

- 
The conservat ion of the  L2-type Ail-norm here  i s  

l i n e a r i z a t i o n )  by t h a t  of t h e  entropy as c l e a r l y  

the one induced (due t o  

seen by r e w r i t i n g  ( 3 . 4 )  i n  t h e  

‘10 
n0-1 

form ( a p a r t  from the  propor t iona l  constant  -) 

2- [ J U*?i--l(U) &I= 0 . 
titd- O - -  

a t  (3.5b) 

We emphasize t h a t  i n  the  l a t t e r  f u l l y  nonl inear  c a s e ,  t h e  renorming v i a  i-t(u) 
depends on t h e  s o l u t i o n  i t s e l f  and hence should - not  be viewed as an L2-type 

(generalized) energy conservat ion but r a t h e r  as what i t  i s ,  namely, an entropy 

conservat ion.  I n  f a c t ,  by homogeneity t h e  l a t t e r  a s s e r t s  conserva t ion  i n  an 

L - t y p e  equiva len t  quant i ty .  

The above c o n s i d e r a t i o n s  lend themselves t o  t h e  d i s c r e t e  framework as 

well .  

of l i n e s ) .  

approximation a t  a t y p i c a l  g r i d  point(;  V 9  t)&f x[O,T] where x V = 3 h ,  

u = ( vl,. . . , vd)T ; r e p l a c i n g  the  s p a t i a l  d i f f e r e n t i a t i o n  Q i n  (3.1 ) by i t s  

d i s c r e t e  analogue h 

A t  first s t a g e  l e t  us cons ider  only s p a t i a l  d i s c r e t i z a t i o n  ( t h e  method 

Introduce a s p a t i a l  mesh-width h E Ax and denote by “(t) t h e  
- 

- 
-1 Q, based on centered d i f f e r e n c i n g  of f i n i t e - d i f f e r e n c e s  or 

pseudospec t r a l  

( 3 . 6 )  

Mu1 t i p lying by 

type (e.g. [?I), we a r r i v e  a t  t h e  d i f f e r e n t i a l  scheme 

P<yV)yv + h-lQh(yv)yu = 0 
- 
xvE@E . 

@, summing over a l l  grid p o i n t s  and n o t i c i n g  t h a t  due t o  t h e  --v 



-1 2- 

skew-symmetry of Q,, summation by p a r t s  of the second term on the l e f t  

vanisnes ,  we conclude ( s i m i l a r i l y  t o  (3 .5))  

A s  before ,  while i n  the  l i n e a r i z e d  case we f ind  an L -type d i s c r e t e  energy 

conservat ion,  i t  i s  the  d i s c r e t e  entropy which i s  conserved i n  the  nonl inear  

2 

problem. O f  course ,  t h e  two may coins ide  as i n  the  cases  of the  shallow-water 

equat ions (c f .  the  quas iconserva t ive  schemes i n  [4] and t h e  r e f e r e n c e s  t h e r e i n )  

and the  incompressible Euler  equat ions ,  where t h e  t o t a l  energy serves  as a 

genera l ized  entropy func t ion .  

s t a n d a r d l y  handled i n  an independent manner v i a  the Poisson equat ion so  t h a t  w e  

are l e f t  w i t h  t h e  convective terms f o r  which t h e  above skew-differencing 

d e r i v a t i o n  i s  indeed e f f e c t i v e  -- t h e  symmetrizing v a r i a b l e s  v a r e  i d e n t i f i e d  

with the  ve loc i ty  components and % = 13). 

( I n  the  second s i n g u l a r  case t h e  pressure  i s  

- 
0 

Next we cons ider  time d i s c r e t i z a t i o n .  Introduce a temporal increment 

n A t  and l e t  w v  denote the  approximation a t  t ime l e v e l  t = n=At.  Trying t o  

maintain the  quas iconserva t ive  proper ty ,  w e  focus our a t t e n t i o n  on time 

d i s c r e t i z a t i o n  of e i t h e r  the  Leap-Frog type (1) 

n+l n-1 “n+lwn+l - i$-’:,7-’) 1 + 2hQ,wv n n  = 0 ,  X A t  /Ax , 
) + (Bo -v - w  (3.8) [;E (wv -V J 

o r  the  Crank-Nicholson one ( h e r e  

( 3 . 9 )  
L 

The former has t h e  advantage of being e x p l i c i t  y e t  n o n l i n e a r  i n s t a b i l i t y  mey be 

e x c i t e d ,  c f .  [ 7 ,  Sec t ion  51. This can be remedied by adding a small amount of 

in(wn+l-wn-l) + ),Qnwn t 0. 
h -V ( l ) O t h e r  v a r i a n t s  a r e  a l s o  p o s s i b l e ,  f o r  example ~v -v 
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diss ipat ion ' ' )  , much smal le r  than required i n  the  non-skew-selfad j o i n t  case.  

Turning t o  the  Crank-Nicholson scheme in  (3 .9) ,  we m u l t i p l y  by w*~+' and sum by 
--V - 

p a r t s  t h e  s p a t i a l  terms ending with an L type energy e s t i m a t e  provided B i s  

s lowly varying with r e s p e c t  t o  time (2 )  (o therwise  a d i s c r e t e  entropy 

conserva t ion  does not n e c e s s a r i l y  follow).  Here we note  t h a t  the  use of 

2- 0 - 

a l igned  s p l i t t i n g  t o  overcome t h e  inherent  d i f f i c u l t y  i n  s o l v i n g  the  

mult idimensional  i m p l i c i t  equat ions (3.9) i s  h ighly  d e s i r a b l e  -- on account of 

t h e  skew-symmetric d i f f e r e n c i n g  i n  each s p a t i a l  d i r e c t i o n ,  the  

g u a s i c o n s e r v a t i v e  p r o p e r t i e s  w i l l  be maintained i n  each of the  s p l i t t i n g  

subs teos  and t h e r e f o r e  o v e r a l l .  

- 

Our f i n a l  po in t  concerns t h e  p o s s i b i l i t y  of one-sided d i f f e r e n c i n g  of 

(3.1) where t h e  f irst  and second terms i n  each of t h e  a l igned  p a i r s  are forward 

and backward d i f f e r e n c e d  r e s p e c t i v e l y ,  so t h a t  o v e r a l l  skew-selfadjoint  form is  

maintained. Note t h a t  the above quasiconservat ive schemes ( i n  e i t h e r  t h e  

centered  o r  one-sided v e r s i o n )  a r e  inappropr ia te  f o r  use under the  nonsmooth 

regime i f  only because of t h e i r  conservation of entropy which a c t u a l l y  

decreases  a c r o s s  shocks; small  amount o f  v i s c o s i t y  i s  requi red  t o  ensure t h e  

i r r e v e r s i b i l i t y  of our marching procedure, p revent ing  t h e  development of 

" r a r e f i e d  shocks" 

o f  S t e g e r  and Warming [ll], which is  well-accommodated i n t o  t h e  ( l a s t  term of )  

form ( 2 . 5 b ) ;  t h e  symmetry of  t h e  s p l i t  Jacobians i s  of importance h e r e .  

We mention i n  t h i s  r e s p e c t ,  one-sided s p l i t t i n g  i n  t h e  s p i r i t  

d 
For example, r e p l a c i n g  wnkl by [IT€ (h2Dx + D  )m]y:fl would r e s u l t  i n  

k = l  k "k- - v  

( a b s o l u t e )  entropy d i s s i p a t o n ,  [ 61. 

( 2 )  This i s  t h e  c a s e ,  f o r  example, o f  the above mentioned incompressible  Euler 

q u a t i e n s  .&ere B -() = - 13= 4 1 ~ 0 ,  when marching toward s teady  s t a t e .  
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4. Entropy Decay i n  Bounded Regions - -- 

d 
Consider the  system ( 2 . 5 )  i n  the  bounded s l a b  R X [ O , t ] ,  S 2 C 8  , 

0 < t < The entropy i n e q u a l i t y  (1.2b) a s s e r t s  ( h e r e ,  F E ( F  ,..., F Y 

and t h e  n outward normal n E (n l , .  . . ,nd)  ) 

- (1) (dl  ,T 
T 

R n T=O Lan J 
Thus, t h e r e  is a decay i n  t h e  amount of entropy enclosed provided t h e  entropy 

o u t f l u x  requirement i s  f u l f i l l e d  

- -  
(4.2a) I F ( * , t ) * n  dx - > G . 

an 
The o u t f l u x  requirement can a l s o  be w r i t t e n  as a maximal d i s s i p a t i v i t y - l i k e  

c o n d i t i o n  (see ( 3 . 3 ~ ) )  

(4.2b) 

note  t h e  change i n  s i g n  f o r  0 < no < 1 -- i t  can be e a s i l y  seen t h a t  t h i s  must 

be s o  i n  order  to accommodate t h e  n e g a t i v e  s i g n  of U i n  this case, see ( 2 . 3 ) .  

A more d e t a i l e d  information can be obtained by tak ing  i n t o  account 

(bounds o f )  the speed i n  which entropy propagate.  S p e c i f i c a l l y ,  we s t a t e  

THEOREM 4.1. There i s  a l o c a l  entropy decay e s t i m a t e  

(4.3) /U(=,t)dx - < /V(*,t=O)dG . 
I; I9 I+M+st - 

Here t h e  speed magnitude, 1.1 , i s  given by t h e  supremum over all 

W = (W1 , . . . Ud)T ,  of  the  l a r g e s t  e igenvalue ( i n  a b s o l u t e  va lue)  o f  

= 1, 
- 

(4.4a) 
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with u v a r i e s  over  a l l  a t t a i n a b l e  values a long the mantle - - 
- 
1x1 = + s ( t - q o  < T < t ’  * t h e  speed o r i e n t a t i o n  i s  given by - -  

(4.4b) sgn(s )  = sgn(qO-l )  . 

Thus we can d i s t i n g u i s h  between two cases: 

i n  t h e  f i r s t ,  0 < no < 1 and hence U a t t a i n s  only  nega t ive  va lues .  In  

t h i s  case  we e s t i m a t e  the spread of entropy decay. 

(4.5a) $ U ( - , t ) d x  - < J U(* , t = O )  dx ; 

1; I - <M+I s I t l+M 
otherwise no > 1 ,  so t h a t  U a t t a i n s  only p o s i t i v e  values .  Here we have 

Estimate (4.5b) may s e r v e  a s  a s tandard energy es t imate  over  domain of 

dependence except i t s  being of L 

$-type as u s u a l ;  i t  i m p l i e s ,  i n  p a r t i c u l a r ,  t h e  e x i s t e n c e  of f i n i t e  

propagat ion speed I S I  , i . e . ,  i f  u .(x) has compact support  i n s i d e  I .-$I < - M, so 

i s  u ( x , t )  - i n s i d e  I ? - i o l  M + 1sl.t. I n  both c a s e s ,  (4 .5s)  and (4.5b) provide 

us with a l o c a l  entropy decay estimate sharpening t h e  g l o b a l  one we  have found 

-type (due t o  homogeneity) r a t h e r  than of 

- 0  

i n  (3 .4) .  

PROOF. I n t e g r a t i n g  the  entropy i n e q u a l i t y  (1.2b) over t h e  t runca ted  cone 

{ ( [ X I  M + s * ( t - T )  I 0 < - L  T < t ) ,  then by Green’s theorem f o r  

measures [ 1 2 ]  w e  end up with ( h e r e  (“0 ,n) i s  -outward normal) 

( 4 . 6 )  

The i n t e g r a l s  over  t h e  top  and bottom sur faces  g ive  us t h e  d i f f e r e n c e  between 

t h e  l e f t  and r i g h t  hand 

claim t o  be nonpos i t ive  

(4.7a) -J 
mantle 

s i d e s  i n  (4.3);  by (4.6) ,  t h i s  d i f f e r e n c e  -- which we 

-- i s  bounded from above by 

c 3 
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t h e  r e s u l t  fo l lows  upon showing t h a t  t h e  l as t  q u a n t i t y  i s  indeed nonpos i t ive .  

On t h e  mantle n 

(3.3b) a n d  ( ? . 3 c ) ,  t h e  in tegrand  i n  (4 .7a)  i s  given by ( a p a r t  from the p o s i t i v e  

propor t iona l  cons tan t  

i s  propor t iona l  t o  s and n t o  w E x/ 1x1 and hence using 0 

) 
1 

% 
n01s2+ / E l 2 ]  

d 

Un + F *  n a (no- l>  y* [. Bo + c Wk iik3 
k = l  

0 (4.7b) 

d - - 
Thus i t  i s  l e f t  t o  v e r i f y  t h a t  (q - l ) * [ s B o  + uk Bk] i s  p o s i t i v e  

k=l  0 

semi-def ini te .  We d i s t i n g u i s h  between two cases :  

( i) 0 < I-I < 1 ; i n  t h i s  case w e  choose negat ive  s = - 1s 1 ,  small  enough 0 

SO t h a t  a f t e r  mul t ip ly ing  both s i d e s  of (4.7b) by B-’we w i l l  have 
0 

i . e . ,  we want the  eigenvalues  of the  second symmetric term on the  l e f t  hand 

s i d e  of (4.8) t o  be bounded from above by 

t h e  eigenvalues a r e  e x a c t l y  those introduced i n  (4.4a) as fo l lows  from t h e  

1s I .  This i s  indeed t h e  case s i n c e  

s i m i l a r i t y  r e l a t i o n ,  see  ( 2 . 5 ~ )  and ( 1  .3c) ,  

( i i )  no > 1 ;  here  we choose p o s i t i v e  s = 1s I l a r g e  enough t o  make t h e  

l e f t  hand s i d e  of (4.8) p o s i t i v e  semi-def in i te .  Continuing as before  we end 

up w i t h  t h e  same bound f o r  t h e  speed magnitude I s \ ,  s o  t h a t  only i t s  o r i e n t a t i o n  

i s  reversed. This completes t h e  proof .  

O f  p a r t i c u l a r  i n t e r e s t  i s  t h e  case of first o r d e r  homogeneous f l u x e s  

f‘k’(u) where nk = 1 (we r e f e r  aga in  t o  t h e  example of t h e  aforementioned 

gasdynamics equat ions) .  The propagat ion speed i s  bounded in terns of t h e  

l a r g e s t  one induced by t h e  ‘ n o n l i n e a r  symbol’, uk Ak,  and n a t u r a l l y  t h i s  

i s  t h e  b e s t  one can hope f o r  viewing it  as an  ex tens ion  of t h e  l i n e a r  theory.  

.., - 
a 

k = l  
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We c lose  t h i s  s e c t i o n  by making the  s tandard  note  t h a t  a more c a r e f u l  

examination of the  one-dimensional problem, d = 1 ,  w i l l  y i e l d  sha rpe r  speed 

bounds involv ing  the  l a r g e s t  eigenvalue of  A on the  one hand as we l l  as the 

s m a l l e s t  one on the o the r .  

1 
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- 5. Non-homogeneous Extensions 

The bui ld ing  block f o r  the r e s u l t s  obtained i n  Sec t ion  3 & 4 was the  

skew-selfadjoint  form, derived i n  Sec t ion  2 under the  homogeneity assumption of 

both the  entropy U(u_)  and t h e  f l u x e s  - f (k)(u_) .  We would l i k e  t o  d i s c u s s  t h i s  

assumption and to examine t h e  p o s s i b i l i t y  of d e r i v i n g  skew-selfadjoint  form 

under weaker (nonhomogeneous) condi tons.  

The entropy,  U(u) ,  c l e a r l y  plays the  c r u c i a l  p r a c t i c a l  r o l e  i n  d e r i v i n g  
5 

t h e  skew-selfadjoint  form (2.5) and i t s  r+,-order homogeneity i s  a much more 

d e l i c a t e  quest ion than t h a t  of the  f l u x e s  - f‘k’(u) a s  seemed t o  be i n d i c a t e d ,  

f o r  example, by t h e  c l e a r  d i s t i n c t i o n  we have found i n  Sec t ion  4 between the  

c a s e s  Q 

have i n  choosing - any convex f u n c t i o n  of S = c v l n ( p p Y )  as a genera l ized  entropy 

d e n s i t y  , which enabled us t o  meet the  homogeneity assumption. 

< 1 and no > 1 .  I n  t h e  gasdynamics equat ions ,  i t  was t h e  freedom we 
0 

A s  f a r  as  t h e  f l u x e s  f ‘k’(u) a r e  concerned, t h e i r  assummed homogeneity 

i s  p l a u s i b l e  on t h e  ground of dimensional a n a l y s i s ;  t h a t  i s ,  f‘k’(u) - a r e  t o  be 

i n  p a r t i c u l a r  f i x t  order  homogeneous provided no dimensional c o n s t a n t s  a r e  

.., - 

involved.  Included i n  t h i s  s p e c i a l l y  a t t r a c t i v e  ca tegory  ( s e e  t h e  end remarks 

i n  Sec t ions  2 & 4 )  a r e  t h e  gasdynamics and slab-symmetrical  MHD equat ions .  

I n  many c a s e s ,  however, dimensional c o n s t a n t s  do appear and the  

homogeneity assumption i s  n o t  m e t  -- t h e  g r a v i t a t i o n a l  c o n s t a n t ,  g ,  i n  t h e  

shallow-water equat ions  and t h e  magnetic permeabi l i ty ,  p ,  i n  t h e  

magnetohydrodynamic equat ions  a r e  j u s t  two examples. To t h i s  end w e  observe 

t h a t  t h e  - only a d d i t i o n a l  i n g r e d i e n t  requi red  f o r  t h e  d e r i v a t i o n  of (2.5) i s  t h e  

homogeneous dependence of all d i r e c t i o n a l  f l u x e s  ( u  i s  included as t h e  temporal 

one) on the  dependent v a r i a b l e  v, = U,. 
.., 

The homogeneity requirement therefore 
.., 
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can be cons iderably  weakened; f o r  example, assume i n s t e a d  t h a t  each of the  

f luxes  can be w r i t t e n  as  a sum ( h e r e ,  f o r  s i m p l i c i t y  we i d e n t i f y  f ( O )  ++ u)  
z - 

with f (kR) homogeneous of order  q i n  v (which a t  l e a s t  l o c a l l y  i s  always - kR - 
p o s s i b l e ) .  Then, employing E u l e r ' s  i d e n t i t y  t o  skew-di f fe ren t ia te  each f (kR) as - 
was done above, a f i n a l  skew-selfadjoint  form then fol lows.  More p r e c i s e l y ,  

... 
denote A - w e  wr i te  

kR av - 

ant isymmetr ic .  We r e c a l l  t h a t  

f u r t h e r  symmetry of each i(l) t h e  required above choice f o r  0 

- - 1  - , y i e l d i n g  t h e  skew-selfadjoint  form (2.5) with B 

iR Z & [f'k'] a r e  symmetric; with t h e  - R ... 
indeed e x i s t s ,  

kR' kR - - ... 
kR' 

= - ' A  
'kR nkR+l 7 'IkR+l 
Skew-selfad j o i n t  form f o r  t h e  shallow-water equat ions  f o r  example, with 

( 5 . 2 4  u =  (h,m) , ... ... ... ... f ( k ) ( u )  = (y, "k m + f h 2 e ( k ) ) ,  k = 1, 2 ,  3 
I - 

and symmetrizing v a r i a b l e s  v = (gh - I m I 2/2h2 , m/h) (induced by t h e  t o t a l  

energy s e r v i n g  a s  a genera l ized  entropy f u n c t i o n ) ,  can be e a s i l y  worked out 

... ... 

according t o  t h e  above r e c i p e ;  expanding the  ' temporal  f l u x '  u E u ( v )  ( h e r e ,  
," ...- 

f o r  s i m p l i c i t y ,  v E ( v  v ) with z2 (v2,v3,v4)  = m/h), - 1' -2 I 

and s k e w - d i f f e r e n t i a t e  each of t h e  terms on the  r i g h t ,  we o b t a i n  - 
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t h e  s p a t i a l  f luxes  can be t r e a t e d  s i m i l a r i l y ,  y i e l d i n g  

1 2 1 3  2 1  2 
3 

(5 .2c)  

F i n a l l y  w e  remark on t h e  magnetohydrodynamic equat ions (augmenting the f l u i d  

equat ions ( 2 . 1 )  wi th  t h e  magnetic f i e l d  B ) ,  - 

* T  (5.3a) u = (0, m, B, E ) 

Here t h e  s t a r r e d  q u a n t i t i e s  E*, p* correspond t o  the uns ta r red  ones i IC(2 .1)  

with t h e  added magnetic p r e s s u r e -  151 . 
assumption i n  t h i s  case can be e a s i l y  t raced  back t o  the  assummed approximation 

of the  magnetic permeabi l i ty  being a cons tan t  p; indeed,  viewing u a s  a 

dependent v a r i a b l e ,  i n s t e a d ,  will y i e l d  f i r s t - o r d e r  homogeneous f l u x e s  

f ( k ) ( u ) ( l )  . 
system, however. The extended procedure descr ibed above f o r  ob ta in ing  

skew-selfadjoint  form i s  s t i l l  a p p l i c a b l e  i n  t h i s  case, though a i n f i n i t e  

expansion i n  t h e  symmetrizing v a r i a b l e s  v i s  requi red  f irst .  

example f o r  t h e  use of the  l a t t e r  w e  cons ider  t h e  q u a s i l i n e a r  wave equat ion 

1 2 
2U 

The f a i l u r e  o f  t h e  homogeneity 

The au thor  i s  unaware of any such p h y s i c a l l y  r e l e v a n t  c losed - - 

As a s impler  - 

(cf. [ I ] )  

(5.4a) 

(l)Dimensional arguments show t h a t  t h i s  dependence i s  n e c e s s a r i l y  f i r s t - o r d e r  
homogeneous. Also ,  t h e  momentum and enrgy f l u x e s  should be updated i n  t h i s  

case by t h e  a d d i t i o n a l  - p l B l  ( -) 6 /2p  term added t o  t h e  stress t e n s o r  

[8, p.1421. 

2. 3-u 2 
- 3~ T j k  
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T with  symmetrizing v a r i a b l e s  v = ( -q(u  ),u ) 

yu2 - f q(w)dw. 

d i f f i c u l t i e s ,  f o r  t h e  temporal  one w e  need t o  expand u1 5 u ( v  

and t o  skew-di f fe ren t ia te ,ob ta in ing  the  upper  l e f t  co rne r  element i n  B 

induced by the  entropy - 1 2  
1 2  u1 

While t h e  f i r s t - o r d e r  homogeneous s p a t i a l  f l u x  causes  no 

R 
1 1  ulRvl = -q) = 

0 '  

; c o l l e c t i n g  the  o t h e r  pieces we end up with  

u1 (v,) 
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